Distributed Quantum Metrology with a Single Squeezed-Vacuum Source by Gatto, Dario et al.
ar
X
iv
:1
90
6.
12
29
4v
1 
 [q
ua
nt-
ph
]  
28
 Ju
n 2
01
9
Distributed Quantum Metrology with a Single Squeezed-Vacuum Source
Dario Gatto∗,1 Paolo Facchi,2, 3 Frank Narducci,4 and Vincenzo Tamma†1, 5
1School of Mathematics and Physics, University of Portsmouth, Portsmouth PO1 3QL, United Kingdom
2Dipartimento di Fisica and MECENAS, Universita` di Bari, I-70126 Bari, Italy
3INFN, Sezione di Bari, I-70126 Bari, Italy
4Department of Physics, Naval Postgraduate School, Monterey, California 93943
5Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth PO1 3FX, United Kingdom
(Dated: July 1, 2019)
We propose an interferometric scheme for the estimation of a linear combination with non-negative
weights of an arbitrary number M > 1 of unknown phase delays, distributed across an M -channel
linear optical network, with Heisenberg-limited sensitivity. This is achieved without the need of
any sources of photon-number or entangled states, photon-number resolving detectors or auxiliary
interferometric channels. Indeed, the proposed protocol remarkably relys upon a single squeezed-
state source, an antisqueezing operation at the interferometer output, and on-off photodetectors.
PACS numbers: 03.65.Wj, 42.50.St, 06.20.-f, 03.67.-a
Introduction and Motivations. Quantum metrology
aims at harnessing inherently quantum features such as
entanglement, multi-photon interference and squeezing,
to develop novel quantum enhanced technologies for sens-
ing and imaging beyond any classical capabilities [1–8].
More recently a great deal of attention has been devoted
to distributed quantum metrology, particularly on the
problem of measuring a linear combination of several un-
known phase shifts distributed over a linear optical net-
work [9, 10]. More explicitly, we will be interested in
measuring a linear combination of M > 1 unknown dis-
tributed phases. This problem is of interest in a vari-
ety of settings: from the mapping of inhomogenous mag-
netic fields [11–15], phase imaging [16–21] and quantum-
enhanced nanoscale nuclear magnetic resonance imag-
ing [9, 22, 23], to applications in precision clocks [24],
geodesy, and geophysics [25–28].
A novel scheme was recently proposed to tackle dis-
tributed quantum metrology with Heisenberg limited
sensitivity [29]. However, its main limitation is the fact
that it relies on two Fock states with a large number
of photons as probes in order to achieve Heisenberg-
limited sensitivity. Schemes to make high photon num-
ber Fock states do not currently exist. Furthermore, it
requires a number of auxiliary interferometric channels
up to the numberM of unknown distributed phases, and
photon-number-resolving detectors. Therefore, devising
measurement schemes which can exhibit supersensitiv-
ity while making use of probe states which are simple to
produce in the laboratory with current technology is a
matter of great interest.
We overcome these limitations introducing an inter-
ferometric scheme (Fig. 1) which employs only a sin-
gle squeezed source and on-off photodetectors. Indeed,
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squeezed states of light are a natural candidate for
Heisenberg-limited probing [30, 31], on account of their
experimental availability with high mean photon num-
ber and their non-classical character. While such states
have been largely used to yield supersensitivity in the es-
timation of a single unknown parameter, their quantum
metrological advantage in the case of multiple distributed
parameters has not yet been fully explored [32]. Here, we
demonstrate how a simple M -channel linear optical in-
terferometer with only a single squeezed-vacuum source
and on-off photodetectors can achieve Heisenberg-limited
sensitivity in distributed quantum metrology withM un-
known phase delays. Remarkably, such a scheme can be
implemented experimentally with present quantum opti-
cal technologies.
The Optical Interferometer. We describe here in de-
tails an interferometric setup (Fig. 1) able to estimate
the combination
ϕ =
M∑
j=1
wjϕj , (1)
of M unknown phases ϕj (j = 1, ...,M) for any given set
of non-negative weights {wj}Mj=1 [33]. Without loss of
generality we will assume in the following the normaliza-
tion
∑
j wj = 1, so that the wj are probability weights.
The general situation will differ just by an immaterial
factor.
The probe light at the input of our interferometer is
prepared in the squeezed-vacuum state
|Ψin〉 = Sˆ1(z)|Ω〉, (2)
where |Ω〉 = |0〉1 · · · |0〉M is the vacuum state, Sˆ1(z) =
e
1
2
(z∗aˆ2
1
−zaˆ
†2
1
) is the squeezing operator, aˆ1 is the pho-
tonic annihilation operator of the first mode, and z is the
squeezing parameter. The squeezing parameter z fixes
the mean number of input photons 〈Nˆ〉 = 〈Ψin|Nˆ |Ψin〉,
2|0〉〈0|
|0〉〈0|
|0〉〈0|
|0〉〈0|
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FIG. 1: Interferometric setup with only a single squeezed-
vacuum source for Heisenberg limited estimation of the linear
combination of unknown phases ϕi, with i = 1, ...,M , as in
Eq. (1). The linear optical networks represented by Uˆ , Uˆ†
are set up in such a way to satisfy Eq. (5). The operators
Sˆ(z), Sˆ†(z) represent squeezing and anti-squeezing operation,
respectively.
with Nˆ =
∑
j aˆ
†
j aˆj , by the relation 〈Nˆ〉 = N¯ , where
N¯ = sinh2(|z|). (3)
The probe travels through the first linear optical trans-
formation, described by the unitary operator Uˆ through
the equation
Uˆ †aˆiUˆ =
M∑
j=1
Uij aˆj , (4)
where U is anM×M unitary matrix associated with the
transition amplitudes from the channel j to the channel
i, with i, j = 1, . . . ,M . We encode the weights of Eq. (1)
in the matrix elements of U via
Uj1 = √wj , (5)
with j = 1, . . . ,M . This can always be achieved with an
appropriate combination of beam splitters [34], and more
importantly, creates entanglement [29] in the squeezed
state, which is distributed across all channels containing
the phase delays ϕ1, . . . , ϕM .
After the linear optical transformation Uˆ the probe
undergoes phase shifts ϕ1, ..., ϕM through the respective
channels, and finally evolves through the inverse linear
optical transformation Uˆ †. Reversing the linear optical
transformation will allow us to effectively project the out-
put state onto the input state (see the next paragraph).
Thus, given the generator of the phase shifts,
Gˆ =
M∑
j=1
ϕj aˆ
†
j aˆj , (6)
the state at the output of our interferometer is
|Ψout〉 = Uˆ †e−iGˆUˆ |Ψin〉. (7)
Heisenberg-Limited Estimation. We now demon-
strate Heisenberg-limited sensitivity (in Eq. (16)) by
means of the observable
Oˆ = |Ψin〉〈Ψin|, (8)
associated to the projection of the output state over the
input state, i.e. to the probability that the probe leaves
the interferometer with its state unaltered. Since the
expectation value of Oˆ is
〈Oˆ〉out = 〈Ψout|Oˆ|Ψout〉 = |〈Ψin|Uˆ †e−iGˆUˆ |Ψin〉|2
= |〈Ω|Sˆ†1(z)|Ψout〉|2, (9)
the measurement of Oˆ is equivalent to projecting onto the
vacuum |Ω〉 after the action of an anti-squeezing opera-
tion on the first channel, described by Sˆ†1(z). This can be
experimentally achieved, for instance, by retro-reflecting
the down-converted photons onto the crystal generating
the original squeezed light [35–39], and then using on-off
photodetectors.
Since 〈Oˆ〉out = |〈Ψin|Ψout〉|2 is the probability of the
output state to coincide with the input state, if the phases
are small, the total interferometric operator should be
close to the identity, and therefore 〈Oˆ〉out should be close
to one. More precisely, since −|ϕ|maxNˆ ≤ Gˆ ≤ |ϕ|maxNˆ ,
with |ϕ|max = maxi |ϕi|, and the interferometer preserves
the total number of photons, if
|ϕ|max〈Nˆ 〉 ≪ 1, (10)
we can perform an expansion of 〈Oˆ〉out in powers of Gˆ.
By using the notation 〈Gˆm〉U for the expectation value
of the operator Gˆm with m = 1, 2 taken at the state
|ΨU 〉 = Uˆ |Ψin〉, and ∆G2U = 〈Gˆ2〉U − 〈Gˆ〉2U , for the vari-
ance of Gˆ, we obtain
〈Oˆ〉out =
∣∣〈e−iGˆ〉
U
∣∣2 ≃ ∣∣∣〈1− iGˆ− 1
2
Gˆ2
〉
U
∣∣∣2
≃ 1−∆G2U , (11)
up to fourth-order terms [40].
By using Eq. (6) and the canonical commutation rela-
tions [41],we obtain that the exact expression for the vari-
ance of Gˆ depends on ϕ in Eq. (1), and on ϕ2 =
∑
j wjϕ
2
j
as
∆G2U = ϕ
2
(〈Nˆ2〉 − 〈Nˆ〉2)+ (ϕ2 − ϕ2) 〈Nˆ〉, (12)
where 〈Nˆ2〉 = 〈Ψin|Nˆ2|Ψin〉. The variance of Gˆ is made
of a contribution from number fluctuations and a contri-
bution from the fluctuations of the phases ϕj with respect
to the weights wj .
This result is valid for any (not necessarily Gaus-
sian) M -boson state |Ψin〉 with all modes but the first
in the vacuum. In our case, since the first mode is
3in a squeezed vacuum state, its photon-number statis-
tics is super-Poissonian [42], with mean photon number
〈Nˆ〉 = N¯ given by (3) and a variance
〈Nˆ2〉 − 〈Nˆ〉2 = 2N¯(N¯ + 1), (13)
which scales as N¯2. This scaling is unlike a coherent
state which has a Poissonian photon-number statistics
with variance equal to the mean 〈Nˆ〉. As we will see,
this is an essential ingredient for obtaining a Heisenberg-
limited sensitivity.
For large N¯ one gets ∆G2U ≃ 2N¯2ϕ2, whence the ex-
pectation value of our observable (11) reads
〈Oˆ〉out ≃ 1− 2N¯2ϕ2, (14)
and differs from 1 by a small quantity, as expected. In-
deed, we are in the regime of large N¯ and small ϕ,
such that |ϕ|N¯ ≤ |ϕ|maxN¯ is small, in accordance with
Eq. (10).
The sensitivity in the estimation of ϕ is obtained by
the error propagation formula [7]
δϕ2 =
〈Oˆ2〉out − 〈Oˆ〉2out(
d
dq 〈Oˆ〉out
)2 , (15)
By using the fact that Oˆ = Oˆ2 is a projection, and by
virtue of Eq. (14), we easily get
δϕ2 ≃ 1
8N¯2
, (16)
i.e. the sensitivity scales at the Heisenberg limit.
Example. Let us consider the M = 2 case, i.e. we
wish to estimate
ϕ = w1ϕ1 + w2ϕ2, (17)
in a 2-mode interferometer, for assigned weights w1, w2 ≥
0, w1 +w2 = 1. One possible choice for U which satisfies
Eq. (5) is
U =
(√
w1
√
w2√
w2 −√w1
)
. (18)
This is just the matrix describing a beam splitter of reflec-
tivity R = w1 and transmittivity T = w2, therefore the
interferometric setup is simply that of a Mach-Zehnder
interferometer, see Fig. 2. Remarkably, here both phases
ϕ1 and ϕ2 are unknown, differently from previous pro-
posals where only one parameter is unknown [1, 43].
Even more interestingly, the scheme in Fig. 2 is sensi-
tive to the sum, rather than the difference, of the phases
ϕ1 and ϕ2 with positive weights w1 and w2, respectively.
To see how this is possible, let us set w1 = w2 = 1/2 for
simplicity, and let us consider the optical unitary trans-
formation describing the balanced Mach-Zehnder,
UˆMZ = e
i
2
(ϕ1−ϕ2)Jˆye−
i
2
(ϕ1+ϕ2)Nˆ , (19)
ϕ1
ϕ2
S(z) S+(z)|0〉
|0〉
|0〉〈0|
|0〉〈0|
w1/w2 w1/w2
FIG. 2: Estimation of the linear combination two unknown
phases ϕ1, ϕ2 with weights w1, w2. The interferometric
scheme in Fig. 1 reduces to a Mach-Zehnder interferometer,
with unbalanced beam splitters with R/T = w1/w2, where R
is the reflectivity and T is the trasmittivity.
where Jˆy = − i2 (aˆ†1aˆ2 − aˆ1aˆ†2) [2]. As we can see the out-
put state |Ψout〉 = UˆMZ |Ψin〉 does depend, in general,
on both ϕ1 and ϕ2, however the information on the sum
of the phases can be “washed out” by the choice of the
measurement protocol. Indeed, if |Ψin〉 is an eigenstate
of the number operator Nˆ , |Ψout〉 depends only on the
relative phase ϕ1 − ϕ2, because the second exponential
in Eq. (19) gives rise to a global complex phase, and the
information on ϕ = (ϕ1 + ϕ2)/2 is completely lost. Fur-
thermore, if one measures an observable Oˆ which com-
mutes with Nˆ , then 〈Oˆ〉out, as well as all the higher mo-
ments 〈Oˆk〉out [2], will again depend on ϕ1 − ϕ2 only,
since Uˆ †MZ Oˆ UˆMZ = e−
i
2
(ϕ1−ϕ2)Jˆy Oˆ e i2 (ϕ1−ϕ2)Jˆy .
Discussion. We have shown how squeezed light can
be used to estimate an arbitrary superposition of phases
with non-negative weights. Our protocol can overcome
the limitations of [29], most notably we can achieve
the Heisenberg limit with a single squeezed state rather
than two Fock states. Futhermore, our protocol does
not necessitate the use of auxiliary channels nor photon-
number-resolving detectors. The interferometric setup is
easily realizable for any set of weights by using only beam
splitters and phase shifters [34]. The initially separa-
ble input state acquires entanglement across the various
channels where the phase shifts are distributed thanks
to the linear optical network. The squeezed source can
be produced in a number of ways, including sponta-
neous parametric down-conversion and four-wave mix-
ing. Anti-squeezing has already been achieved with high
efficiency [35–39] by retro-reflecting the down-converted
photons and the pump back onto the crystal. We would
like to mention that it is also possible to have, instead
of the antisqueezer Sˆ†(z) = Sˆ(−z), an output squeezer
Sˆ(z′) where |z′| 6= |z|, but z and z′ have opposite com-
plex phases. Analysis of this sort of interferometer pro-
tocol is beyond the scope of this letter. Remarkably,
given the parameter of the first squeezer, increasing the
parameter of the second one can compensate for detec-
tion losses [30]. In conclusion, our protocol can achieve
Heisenberg-limited sensitivity for distributed quantum
metrology while being well within the realm of current
quantum optical technologies.
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SUPPLEMENTAL MATERIAL
Expansion of the Observable Expectation Value
Let Gˆ be the generator of the phase shifts, i.e.
Gˆ =
M∑
j=1
ϕj aˆ
†
j aˆj . (20)
If |Ψin〉 is the joint state at the input of the interferometer, the expectation value of Oˆ = |Ψin〉〈Ψin| measured at the
output |Ψout〉 = Uˆ †e−iGˆUˆ |Ψin〉 of the interferometer is
〈Oˆ〉out = 〈Ψout|Oˆ|Ψout〉 = |〈Ψin|Ψout〉|2 = |〈Ψin|Uˆ †e−iGˆUˆ |Ψin〉|2 = |〈ΨU |e−iGˆ|ΨU 〉|2 = |〈e−iGˆ〉U |2. (21)
By expanding the exponential we get
〈e−iGˆ〉U =
∑
k≥0
(−i)k
k!
g(k), g(k) = 〈Gˆk〉U , (22)
whence
〈Oˆ〉out = |〈e−iGˆ〉U |2 =
∑
j,k≥0
ij(−i)k
j!k!
g(j)g(k) =
∑
j,k≥0
ij(−i)k
j!k!
g(j)g(k)
∑
ℓ≥0
δℓ,j+k =
∑
ℓ≥0
∑
0≤k≤ℓ
iℓ−k(−i)k
(ℓ− k)!k!g
(ℓ−k)g(k)
=
∑
ℓ≥0
iℓ
ℓ!
∑
0≤k≤ℓ
(−1)k ℓ!
k!(ℓ− k)! g
(ℓ−k)g(k), (23)
that is
〈Oˆ〉out =
∑
ℓ≥0
iℓ
ℓ!
Oℓ, Oℓ =
∑
0≤k≤ℓ
(−1)k
(
ℓ
k
)
g(ℓ−k)g(k). (24)
It is easy to show that Oℓ = 0 for odd ℓ:
O2m+1 =
∑
0≤k≤m
(−1)k
(
2m+ 1
k
)
g(2m+1−k)g(k) +
∑
m+1≤k≤2m+1
(−1)k
(
2m+ 1
k
)
g(2m+1−k)g(k)
=
∑
0≤k≤m
(−1)k
(
2m+ 1
k
)
g(2m+1−k)g(k) +
∑
0≤k≤m
(−1)2m+1−k
(
2m+ 1
2m+ 1− k
)
g(k)g(2m+1−k)
=
∑
0≤k≤m
(−1)k
(
2m+ 1
k
)
g(2m+1−k)g(k) −
∑
0≤k≤m
(−1)k
(
2m+ 1
k
)
g(k)g(2m+1−k) = 0, (25)
and thus
〈Oˆ〉out =
∑
ℓ≥0
(−1)ℓ
(2ℓ)!
O2ℓ. (26)
6Notice that formally we have Oℓ = (g − g)(ℓ). In particular, we get
O0 = g(0) = 1, (27)
O2 = g(2) − 2g(1)g(1) + g(2) = 2
(〈Gˆ2〉U − 〈Gˆ〉2U), (28)
O4 = g(4) − 4g(3)g(1) + 6g(2)g(2) − 4g(1)g(3) + g(4) = 2
(〈Gˆ4〉U − 4〈Gˆ3〉U 〈Gˆ〉U + 3〈Gˆ2〉2U), (29)
O6 = g(6) − 6g(5)g(1) + 15g(4)g(2) − 20g(3)g(3) + · · · = 2
(〈Gˆ6〉U − 6〈Gˆ5〉U 〈Gˆ〉U + 15〈Gˆ4〉U 〈Gˆ2〉U − 10〈Gˆ3〉2U), (30)
The 0-order term is just what we would obtain if there was no phase shift at all in any channel. The subsequent terms
are corrections for small non-zero phases.
Now we discuss the validity of the series expansion (26). Let
|ϕ|max = max
1≤j≤M
|ϕj |. (31)
. Given a state |ψ〉 we get that
〈ψ|Gˆ|ψ〉 =
M∑
j=1
αj〈ψ|aˆ†j aˆj |ψ〉 ≤
M∑
j=1
|αj |〈ψ|aˆ†j aˆj |ψ〉 ≤ |ϕ|max
M∑
j=1
〈ψ|aˆ†j aˆj |ψ〉 = |ϕ|max〈ψ|Nˆ |ψ〉, (32)
since 〈ψ|aˆ†j aˆj |ψ〉 ≥ 0 for all j, whence we have the operator inequality
Gˆ ≤ |ϕ|maxNˆ . (33)
By the same token one gets
Gˆ ≥ −|ϕ|maxNˆ , (34)
and thus
|〈ψ|Gˆk|ψ〉| ≤ |ϕ|kmax〈ψ|Nˆk|ψ〉 (35)
for all states |ψ〉. Since the input state |Ψin〉 is Gaussian all moments of Nˆ are finite and one gets
〈Nˆk〉 =
k∑
j=1
cj〈Nˆ〉j , (36)
for suitable cj ≥ 0. Therefore, for 〈Nˆ〉 ≥ 1, we have
〈Nˆk〉 ≤ c′k〈Nˆ〉k. (37)
Moreover, for any passive linear transformation Uˆ , the total number Nˆ is conserved, and thus
〈Nˆk〉U = 〈Nˆk〉. (38)
It follows that
|〈Gˆk〉U | ≤ c′k
(|ϕ|max〈Nˆ〉)k, (39)
so that for
|ϕ|max〈Nˆ〉 ≪ 1, (40)
one can keep only the first nontrivial terms in the series expansion.
7Variance of the Generator of Phase Shifts
The expectation of Gˆ reads
〈Gˆ〉U =
∑
j
ϕj〈aˆ†j aˆj〉U =
∑
j
ϕj〈Ψin|U †aˆ†j aˆjU |Ψin〉 =
∑
j,l,m
ϕj U∗jlUjm〈aˆ†l aˆm〉, (41)
where all sums range from 1 to M , and 〈aˆ†l aˆm〉 = 〈Ψin|aˆ†l aˆm|Ψin〉. Since the only populated mode is the first, we have
〈aˆ†l aˆm〉 = δl,1δm,1〈aˆ†1aˆ1〉 = δl,1δm,1〈Nˆ〉, (42)
whence
〈Gˆ〉U =
∑
j
ϕj |Uj1|2〈Nˆ〉 = ϕ 〈Nˆ〉, (43)
where
f(ϕ) =
∑
j
|Uj1|2f(ϕj). (44)
The expectation of Gˆ2 reads
〈Gˆ2〉U =
∑
j1,j2
ϕj1ϕj2〈aˆ†j1 aˆj1 aˆ
†
j2
aˆj2〉U =
∑
j1,j2
∑
l1,l2
∑
m1,m2
ϕj1ϕj2U∗j1l1Uj1m1U∗j2l2Uj2m2〈aˆ†l1 aˆm1 aˆ
†
l2
aˆm2〉. (45)
By the canonical commutation relations,
aˆ†l1 aˆm1 aˆ
†
l2
aˆm2 = aˆ
†
l1
aˆ†l2 aˆm1 aˆm2 + δm1,l2 aˆ
†
l1
aˆm2 , (46)
and thus
〈aˆ†l1 aˆm1 aˆ
†
l2
aˆm2〉 = 〈aˆ†l1 aˆ
†
l2
aˆm1 aˆm2〉+ δm1,l2〈aˆ†l1 aˆm2〉
= δl1,1δl2,1δm1,1δm2,1〈aˆ†1aˆ†1aˆ1aˆ1〉+ δm1,l2δl1,1δm2,1〈aˆ†1aˆ1〉
= δl1,1δl2,1δm1,1δm2,1
(〈Nˆ2〉 − 〈Nˆ〉)+ δm1,l2δl1,1δm2,1〈Nˆ〉. (47)
Therefore, we get
〈Gˆ2〉U =
∑
j1,j2
ϕj1ϕj2 |Uj11|2|Uj21|2
(〈Nˆ2〉 − 〈Nˆ〉)+ ∑
j1,j2
∑
m1
ϕj1ϕj2U∗j11Uj1m1U∗j2m1Uj21〈Nˆ〉
=
∑
j1,j2
ϕj1ϕj2 |Uj11|2|Uj21|2
(〈Nˆ2〉 − 〈Nˆ〉)+∑
j1
ϕ2j1 |Uj11|2〈Nˆ〉
= ϕ2
(〈Nˆ2〉 − 〈Nˆ〉)+ ϕ2 〈Nˆ〉, (48)
since
∑
m Uj1mU∗j2m = δj1,j2 by the unitarity of U .
By gathering (48) and (43), we finally get
∆Gˆ2U = 〈Gˆ2〉U − 〈Gˆ〉2U = ϕ2
(〈Nˆ2〉 − 〈Nˆ〉)+ ϕ2 〈Nˆ〉 − ϕ2 〈Nˆ〉2
= ϕ2
(〈Nˆ2〉 − 〈Nˆ〉2)+ (ϕ2 − ϕ2) 〈Nˆ〉, (49)
which is the sum of a contribution from number fluctuations and a contribution from the fluctuations of the phases
ϕj according to the probability weights |Uj1|2.
This result is valid for any M -boson state |Ψin〉 with all modes but the first in the vacuum. Now let us use the fact
that the first mode is in a squeezed vacuum state with mean photon number 〈Nˆ〉 = N¯ = sinh2 |z| and mean squared
photon number
〈Nˆ2〉 =
M∑
i,j=1
〈Ω|Sˆ†1(z)aˆ†i aˆiaˆ†jaˆiSˆ1(z)|Ω〉 = 〈0|Sˆ†1(z)aˆ†1Sˆ1(z)Sˆ†1(z)aˆ1Sˆ1(z)Sˆ†1(z)aˆ†1Sˆ1(z)Sˆ†1(z)aˆ1Sˆ1(z)|0〉 =
= sinh2 |z|〈0| cosh2 |z|aˆ21aˆ†21 + sinh2 |z|aˆ1aˆ†1aˆ1aˆ†1|0〉 = sinh2 |z|(2 + 3 sinh2 |z|), (50)
8where |Ω〉 = |0〉1 · · · |0〉M , and we have made use of the identity
Sˆ†i (z)aˆiSˆi(z) = cosh |z| aˆi −
z
|z| sinh |z| aˆ
†
i , (51)
where Sˆi(z) = e
1
2
(z∗aˆ2i−zaˆ
†2
i
) is the squeezing operator. The photon-number statistics in such a state is therefore
super-Poissonian, with twice the variance of the Bose-Einstein distribution,
∆N2 = 〈Nˆ2〉 − 〈Nˆ〉2 = 2 sinh2 |z|(sinh2 |z|+ 1) = 2N¯(N¯ + 1). (52)
Hence, we get
∆G2U = 2N¯
(
N¯ + 1
)
ϕ2 + N¯
(
ϕ2 − ϕ2). (53)
By taking only the dominant term in N¯ , we have
∆G2U ≃ 2N¯2 ϕ2 = 2N¯2
( M∑
j=1
|Uj1|2ϕj
)2
. (54)
